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Background

Spiked covariance model. Population co-
variance C of x, eigenvectors v, eigenvalues λ,

C = I +
d∑

i=1

viλiv
⊤
i .

Eigenvalue shift. Distribution of spike sam-
ple eigenvalue λ̂1, depending on λ1:

• λ1 ∈ [1, 1 +
√
γ]: spike at µ(γ) = (1 +

√
γ)2.

• λ1 > 1 +
√
γ: spike Normal with µ(λ, γ) =

γ λ
λ−1 + λ.

Eigenvector shift. Sample eigenvectors v̂. As
p/n → γ,

(v⊤
i v̂i)

2 →

{
1−γ/(λi−1)2

1+γ/(λi+1) for λi > 1 +
√
γ

0 for λi ∈ [1, 1 +
√
γ].

s

Fγ(s)

1 +
√
γ

λi = 1

λ1 = 3
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Theory – preliminary

Risk. R(θ̂) = E(x0,y0)∼D
[
(y0 − ŷ0(x0))

2
]

Eigenvector shift. Generalisation to all
eigenvectors

Pk =


diag

(
(v⊤

1 v̂1)2, ..., (v⊤
k v̂k)

2, 0, ..., 0
)
, k < d,

diag
(
(v⊤

1 v̂1)2, ..., (v⊤
d v̂d)

2
)
, k = d,

diag
(
(v⊤

1 v̂1)2 + c21, ..., (v
⊤
d v̂d)

2 + c2d
)
, k > d.

Motivation

• Overparameterized models, γ = p
n > 1 → double descent

• Real-world data often on a low-dimensional manifold

• PCR (= PCA + linear regression) widely adopted in practice

[3] Belkin, M., Hsu, D. J., Ma, S., and Mandal, S. Reconciling modern machine-learning practice and the classical
bias-variance trade-off. PNAS, 2019

Data generator

xi

zi

yi

xi = W rwzi + ei,

yi = θ⊤zi + εi.

Eigenvalues of x.
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Dimensions:
x ∈ Rp, z ∈ Rd, ẑ ∈ Rk.

Model

xi

ẑi

ŷi

PCA lin. reg.

SVD: X ≈ ÛΣ̂V̂ ⊤,

PCA: ẑi = V̂ ⊤xi,

lin. reg. ŷi = θ̂⊤ẑi.

Theory

Theorem. Let n, p → ∞ with p
n → γ ∈ (0,∞),

we have a.s.

Eν

[
R(θ̂)

]
→ Biasγ(θ̂)

2 +Varγ(θ̂) + σ2
ν ,

Biasγ(θ̂)
2 = β̄⊤(Λd −ΛdPk − PkΛd + Pk

+ Pkr
2
wCzPk

)
β̄,

Varγ(θ̂) =
σ2
ν

n

(
Tr

[
(Pkr

2
wCz + Ik)

1

µ(Λ, γ)

]

+ (p− d)

∫ (1+
√
γ)2

sc

1

s
dFγ(s)

)
.

Interpretation.

1. Bias as scaled d-dimensional subspace of
eigenvalues Λ.

2. Variance with k ≤ d → sc = (1 +
√
γ)2

→ integral term= 0.

3. Principal components k → cut-off for con-
sidered data distribution.

Results

Main result. Number of spikes d = 10.
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PCA-projection space.
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Covariate-shift

Assumption. Train/source CS = V ΛSV
⊤

and test covariance CT = V ΛTV
⊤.

Theorem. Similar to in-distribution risk but
scaled. But combinations of CS , CT here.

Results.
Data generator with Cov(vS ,vT ) = σ2

ℓ

[
1 ρ
ρ 1

]
.
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Observation.
1. Same behaviour as for in-distribution data.

2. Higher correlation ρ → lower risk.

Conclusion

Summary.

• Asymptotic risk of PCR under spiked covari-
ance model. Tool: random matrix theory.

• Guarantee: widely used model & real-world
data structures

Guide to choosing k.

• High k increases variance contribution.

• For 0.5 < γ < 2 a suitable k has little effect.

Limitations.

• Linear supervised setting.

• Asymptotic results — no finite sample guar-
antees.


