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Background

Spiked covariance model. Population co-
variance C' of x, eigenvectors v, eigenvalues A,

d
C:I—I—vai)\iv;.

1=1

Eigenvalue shift. Distribution of spike sam-
ple eigenvalue A, depending on Ai:

e \; €[1,14 /7] spike at u(y) = (14 /7)*.

e \; > 1+ ,/7: spike Normal with p(A,v) =
A
Yo7 + A

Eigenvector shift. Sample eigenvectors v. As
p/n =7,

1— >‘z_1 2
(’U'T’ﬁz')z — 1+77//((/\i+1)) for \; > 1+ ﬁ
) for A; € [1,14 /7.
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Theory — preliminary

Risk. R(0) = E 4, yo)~p | (Y0 — J0(x0))?]

Eigenvector shift.
elgenvectors

Generalisation to all

liag (('v1 1)?, ..., (v, vy,)?, 0, ...,O) : k < d,
liag ((vl ’i}l)Qa ey (vd ﬁd)Q) ; k =d,
liag ((vy ©1)2 +¢2,..., (v, Vg)? +¢3), k>d.
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Motivation

e Overparameterized models, v = £ > 1 — double descent

e Real-world data often on a low-dimensional manifold

¢ PCR (= PCA + linear regression) widely adopted in practice
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Data generator Model

Figenvalues of x.

' |
@ —»— decay rate: 0O

200 —»— decay rate: 0.25 |

L; — W’I“wZ@' -+ €;,

yi =0z +¢.

Dimensions:
x € RP,

zeRY 2 eR:

Theory Results

Theorem. Let n,p — oo with & — v € (0, 00), Main result. Number of spikes d = 10.
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PCA-projection space.

Interpretation.

X X X X

1. Bias as scaled d-dimensional subspace of
eigenvalues A.
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. Variance with k < d — s. = (1 + /7)°
— integral term= 0.

. Principal components k — cut-off for con-

sidered data distribution.

Covariate-shift

Assumption. Train/source Cg = VAgV'
and test covariance Cr = VA7V '

Theorem. Similar to in-distribution risk but
scaled. But combinations of Cg, C7 here.

Results.

Data generator with Cov(vg,vr) = o}
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1. Same behaviour as for in-distribution data.

Observation.

2. Higher correlation p — lower risk.

Conclusion

Summary.

e Asymptotic risk of PCR under spiked covari-
ance model. Tool: random matrix theory.

e Guarantee: widely used model & real-world
data structures

Guide to choosing k.

e High k increases variance contribution.

e For 0.5 < v < 2 a suitable k£ has little effect.
Limitations.

e Linear supervised setting.

e Asymptotic results — no finite sample guar-
antees.




