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Introduction / Problem Description

Filtering of an LTI system in state-space description

Wi Vi
X Yk
Ay

Problem of Kalman filter for large-scale systems

States n and outputs p large

e Computational complexity of order O (n?)

for covariance update P, and Py 1), Kalman gain K

® Storage of system matrices with A € R"*" C € RP*"

= Design a Kalman filter for large-scale real-time problems
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Introduction to Tensors

* Tensor as multidimensional array A € Rixkxxls | —1 .  n,
® Each entry ajj,.. ;, determined by d indices — Order-d tensor
¢ Visualization in Tensor Network (TN) Diagrams:

O

Scalar Vector
a€R acRl
Matrix Tensor Order-3
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Basic Operations (1)

o Define a € R", b € Rh @il - Ll@
° EIemenntWise notation: ¢

1
¢ = Z ai1bi1

- (b)

h= Il
=a-b

® Tensor notation: ¢

c=axib
= Inner Product @
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Basic Operations (2)

* Define a € R", b € R? 1 1
<>
S Ac thly Bc ngxl
° EIementiNise notation: I ¢ I
Chiy = D i bi 1
i=1
® Vector notation:
C=abT =aob

® Tensor notation:
C=ax3b

= Quter Product I |1
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Basic Operations (3)

Define A € Rhixk B ¢ Rkxh

EIementr\,Nise Notation:

2
Ciiz = E: aiyip bipis
=1

Iy
]i ¢
Matrix Notation: I
C=AB=AoBT @ 2 @
I

Tensor Notation:
C=Ax}B v

= Matrix Product
L |13

Complexity: O (nin2n3) Flops
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Tensor Train (TT) Decomposition

® TT: One order-d tensor = d order-3 TN cores.
® Vector, example:

R() % T1()
n3 nl min

® TT-matrix: One order-2d tensor = d oder-4 TN cores
® Matrix, example:

® TT-rank boundary conditions: p=ry =1
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Tensor Train (TT) Operations

® Matrix-Format:
* Define A € R’ B e R xm’
e C=AB
* Complexity: O (n?m?*9)
® TT-Format:
e Define A(i) c Rr;,lxmxnxr,», B(i) € Rfi-1Xnxmxri
o o) = () x3 B

® Complexity: O (dr4nm2)
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Relation of TT and Kronecker Model

e Kronecker-Model

A—A@ g .. o AD

TT-model

A= AW X1l A@)

n n n

@ = @ - = @
o o o A

n n n

* Both models are equal if: ttr(A) =1
TN core size: A() ¢ RIxnxnx1
o Al) = R(AM)
* Tensor contraction A x} B = outer product Ao B
Outer product/Kronecker product:
related by reshuffling and permutation
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Tensor Kalman Filter - for LTI Systems
@ Transform system matrices A, C, (Q, R) in TT-format.
AcR™ Cerr
® Rewrite all variables in the KF in TT-format

Covariance, Kalman gain, ...

©® Rewrite KF equations with multilinear operations

Example: Time update of covariance (Matrix form: APk|kAT +Q)

3 3 3
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Tensor Kalman Filter - Improvement: TT-ranks

® Problem:
® TT-ranks dominate the algorithmic complexity
® No influence on TT-ranks ttr(.A) and ttr(C)
® Analysis SISO:
® Effective only for systems with ttr(A) = ttr(C) = 1
® Solution: Truncation of ttr(P) — low TT-rank approximation
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Conclusion

Summary of work:

® Extends and generalizes existing Tensor Network Kalman filter
® Proposed solutions for bottleneck:
Effect of large TT-rank = covariance TT-rank truncation
® Opened large-scale Kalman filtering to more general systems
Follow-up work since paper submission:
® Extension to MIMO systems
® Application: adaptive optics for wavefront estimation
® Challenges with accuracy:
Paradigm: accuracy <= computational gain

Future Work:

® Solve challenges with MIMO tensor filtering
® Development of a square root Tensor Network Kalman filter
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Thank you for your attention

Questions?

7
TUDelft
T

Daniel Gedon (TU Delft) Tensor Network Kalman Filter for LTI System September 4, 2019 18 / 18



Appendix - SISO Filter

Relative 2-Norm of Output to Estimate (SISO)
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